Two-dimensional Laplace's equations are solved using bicubic B-spline interpolation method. An arbitrary surface with some unknown coefficients is generated using the tensor product bicubic B-spline surface's formula. This surface is presumed to be the solution for the equations. The values of the coefficients are calculated by spline interpolation technique using the corresponding differential equations of the Laplace's equations and the boundary conditions. This method produces approximated analytical solutions for the equations. A numerical example will be presented along with a comparison of the results with finite element and isogeometrical methods.
Introduction
Most problems encountered in science and engineering involve in solving differential equations. However, only few of them can be solved analytically, whereas for others, numerical methods are applied to approximate the solutions. Two standard methods usually discussed in many numerical analysis textbooks are shooting and finite difference methods, while some of the more recent methods are variational iteration, Adomian decomposition and homotopy perturbation methods (Attili, 2005; Chun & Sakthivel, 2010; Jang, 2008; Lu, 2007) .
This work is focused on the use of spline in solving differential equations. It started off in the 1960s where cubic spline was first proposed to approximate the solution for second order linear twopoint boundary value problems (Al-Said, 1998; Albasiny & Hoskins, 1969; Bickley, 1968; Fyfe, 1969; Khan, 2004) . However, in 2006, cubic B-spline, a more stable representation of cubic spline, was manipulated to solve the same problems (Caglar, Caglar, & Elfaituri, 2006) . Since then, several works have been done by the authors on testing various types of splines for solving linear and nonlinear boundary value problems (Abd Hamid, Abd. Majid, & Md. Ismail, 2010a , 2010b , 2010c Goh, Abd. Majid, & Md. Ismail, 2011a) . The studies were then extended to applying splines on onedimensional partial differential equations such as heat and wave equations (Goh, Abd. Majid, & Md. Ismail, 2010 .
In this paper, the method is carried out further to solving the simplest form of two-dimensional partial differential equations, Laplace's equation, using bicubic B-spline, which is the two-dimensional version of cubic B-spline. The general form of Laplace's equation is shown in (1),
with boundary conditions
This method was tested on one example and the results were found to be comparable with those of finite element method (Hassani, Moghaddam, & Tavakkoli, 2009 ).
Bicubic B-spline Surface
Bicubic B-spline surface is a piecewise polynomial surface of degree 3, constructed from a linear combination of some recursive functions, called cubic B-spline basis. The derivation of B-spline basis and the construction of B-spline function and surface are discussed in many curves and surfaces books.
Suppose that is a partition of an interval. B-spline basis of order with degree − 1 is calculated using (2) and (3).
= −
By calculating the basis up to order 4, the following cubic B-spline basis is resulted.
The plot of the basis is shown in Figure 1 . This basis is a piecewise polynomial equation satisfying second order parametric continuity, 2 . From the basis function, cubic B-spline surface can be generated using (4). 
By taking the second derivative of
, with respect to and and evaluating them at and , the following equations are obtained. 
Bicubic B-spline Interpolation Method
In order to solve the problem, bicubic B-spline surface, , is presumed to be the solution for Laplace's equation. The discrete points are defined as the following,
Therefore, (1) becomes
From (4), there are + 3 + 3 values of , to be determined. + 1 ( + 1) equations could be extracted by evaluating (5) at 0 , 1 , … , and 0 , 1 , … , . Moreover, (2 + 1 + 2 + 1 − 4) equations can be obtained from the boundary conditions. Since + 3 + 3 − [ + 1 + 1 + 2 + 1 + 2 + 1 − 4)] = 8, an underdetermined system of linear equations with eight degrees of freedom is resulted.
As a start, this system is solved using Mathematica 8 built-in function, LeastSquares. The obtained values of , are substituted back in (4) which becomes the approximated analytical solution for Laplace's equation.
Numerical Experiment and Conclusions
This method was tested on one problem from (Hassani, et al., 2009 ), using = 4 and = 4. The results were compared with those in (Hassani, et al., 2009) and are displayed in Tables 1 and 2 . The plots of the exact solution and approximated solutions are shown in Figures 3 and 4 , respectively. For this problem, bicubic B-spline interpolation method is at par with finite element method and fell short to the isogeometrical approach in producing accurate results. However, this is probably due to the insufficient equations to solve for the unknown coefficients in the bicubic spline surface equations. More analysis in the properties of B-spline is needed to add up the equations resulting a square system of linear equations. Furthermore, more sophisticated splines such as extended cubic Bspline and quartic B-spline could be used in place of cubic B-spline to improve the results.
